We analytically model the non-linear effects induced by massive neutrinos on the total matter power spectrum using the halo model reaction framework of Cataneo et al. 2019 . In this approach the halo model is used to determine the relative change to the matter power spectrum caused by new physics beyond the concordance cosmology. Using standard fitting functions for the halo abundance and the halo mass-concentration relation, the total matter power spectrum in the presence of massive neutrinos is predicted to percent-level accuracy, out to k = 10 h Mpc −1 . We find that refining the prescriptions for the halo properties using N-body simulations improves the recovered accuracy to better than 1%. This paper serves as another demonstration for how the halo model reaction framework, in combination with a single suite of standard ΛCDM simulations, can recover percent-level accurate predictions for beyond-ΛCDM matter power spectra, well into the non-linear regime.
INTRODUCTION
In the standard model of particle physics, neutrinos are treated as elementary massless particles. However, it has been conclusively shown that neutrino flavour (i.e. electronic, muonic, tauonic) can change with time (Fukuda et al. 1998; Ahmed et al. 2004 ), a phenomenon know as flavour oscillations. For this to be possible, at least two neutrinos must possess a non-zero mass, therefore pointing to physics beyond the standard model. Since oscillation experiments measure the mass-squared splittings between the three mass eigenstates, they can only provide a lower bound on the absolute mass scale, and hence alone cannot determine the neutrino mass hierarchy (Qian & Vogel 2015) .
On the other hand, the presence of massive neutrinos has profound implications for the formation and evolution of structures in the Universe (Lesgourgues & Pastor 2006) . At early times, in particular at recombination, neutrinos are ultra-relativistic and so their masses do not affect the primary CMB. At redshifts of ∼ 200(m ν /0.1 eV) neutrinos be-E-mail: matteo@roe.ac.uk come non-relativistic; however, their still large thermal velocities prevent them from clustering strongly producing a characteristic modification to the matter power spectrum. Large-scale structure observables are therefore sensitive to the sum of neutrino masses (Marulli et al. 2011) , with measurable effects, for instance, on the abundance of massive galaxy clusters (e.g. Costanzi et al. 2013 ) and two-point shear statistics (e.g., Liu et al. 2018 ).
Upcoming wide-field galaxy surveys will map the largescale structure of the Universe to an unprecedented volume and accuracy (Laureijs et al. 2011 ; LSST Dark Energy Science Collaboration 2012; Green et al. 2012; Levi et al. 2013) , thus challenging our ability to predict cosmological summary statistics with the required small uncertainties over the entire range of relevant scales. In particular, percent-level knowledge of the matter power spectrum in the non-linear regime is necessary to take full advantage of future cosmic shear measurements (Taylor et al. 2018) . At present, however, all known (semi-)analytical methods incorporating the non-linear effects of massive neutrinos on the matter power spectrum lack sufficient accuracy to be employed in future cosmological analyses aimed at stringent and unbiased con-straints of the absolute mass scale (Bird et al. 2012; Blas et al. 2014; Mead et al. 2016; Lawrence et al. 2017) .
In this paper we demonstrate how the halo model reaction framework of Cataneo et al. (2019) can predict the non-linear total matter power spectrum in the presence of massive neutrinos to the accuracy requirements imposed by the next generation of cosmological surveys. Sec. 2 describes our approach and the cosmological simulations used for its validation. Sec. 3 presents our results, and in Sec. 4 we discuss their implications and future applications.
Our baseline flat ΛCDM cosmology has total matter density Ω m = 0.2905, baryon density Ω b = 0.0473, reduced Hubble constant h = 0.6898, scalar spectral index n s = 0.969 and amplitude of scalar fluctuations A s = 2.422 × 10 −9 at the pivot scale k 0 = 0.002 Mpc −1 . In massive neutrino cosmologies we fix all parameters to their baseline values, and vary the cold dark matter (CDM) density as Ω c = Ω m − Ω b − Ω ν , with Ω ν denoting the neutrino density. For our linear calculations we use the Boltzmann code camb 1 (?).
METHODS

Halo model reactions with massive neutrinos
The implementation of massive neutrinos in the halo model (HM) has been previously studied in Abazajian et al. (2005) and Massara et al. (2014) , with the latter finding inaccuracies as large as 20-30% in the predicted total matter non-linear power spectrum when compared to N-body simulations. Here, instead, we extend the recently developed halo model reaction framework , also see Mead (2017) for its first applications) to include the effect of massive neutrinos. As we shall see in Sec. 3, this approach improves the halo model performance by more than one order of magnitude, therefore reaching the target accuracy set by the next generation of galaxy surveys, albeit neglecting baryonic feedback .
The total matter power spectrum in the presence of massive neutrinos is given by the weighted sum
where
is the auto power spectrum of CDM+baryons 2 , P (ν) is the neutrino auto power spectrum, and P (cbν) is the cross power spectrum of the neutrinos and the two other matter components 3 . In our halo model predictions we approximate neutrino clustering as purely linear, allowing us to replace the neutrino non-linear auto power spectrum with its linear counterpart, P (ν) L
, and thus rewrite the cross power spectrum as 4 (Agarwal & Feldman 2011;  1 https://camb.info 2 In this work we treat baryons as cold dark matter, and only account for their early-time non-gravitational interaction through the baryon acoustic oscillations imprinted on the linear power spectrum (cf. McCarthy et al. 2018) . 3 In general, we drop the dependence on redshift of the power spectrum and related quantities, unless required to avoid confusion. 4 This approximation is motivated by the two following arguments: (i) the cross-correlation coefficient between the neutrino Ali-Haïmoud & Bird 2013)
The CDM+baryons auto power spectrum is then divided into two-halo and one-halo contributions (see, e.g., Cooray & Sheth 2002) ,
where we neglect the two-halo integral pre-factor involving the linear halo bias (see Cataneo et al. 2019, for details) . In the reaction approach described in Cataneo et al. (2019) , we must now define a pseudo massive neutrino cosmology, which is a flat and massless neutrino ΛCDM cosmology whose linear power spectrum is identical to the total linear matter power spectrum of the real massive neutrino cosmology at a chosen final redshift, z f , that is
Owing to the different linear growth in the two cosmologies,
can differ substantially for z > z f . In the halo model language, the ratio of the real to pseudo nonlinear total matter power spectra, i.e. the reaction, takes the form
with
For a mass-dependent and spherically symmetric halo profile with Fourier transform u(k, M), the one-halo term is given by the integral
is the virial halo mass function, and we use the ShethTormen multiplicity function (Sheth & Tormen 2002) 
with {A, q, p} = {0.3292, 0.7665, 0.2488} (Despali et al. 2016 ). In Eqs. (8) and (9) 
, where δ coll is the redshift-dependent spherical collapse threshold, and
Here, R = (3M/4πρ) 1/3 , andW denotes the Fourier transform of the top-hat filter.
and CDM fields is large on all relevant scales (Inman et al. 2015) ; and (ii) although using the linear neutrino power spectrum introduces substantial errors in the cross power spectrum on small scales (Massara et al. 2014 ), due to P (ν) P (cb) and the suppression factor 2 f ν (1 − f ν ) preceding P (cbν) in Eq. (1), the overall impact on the total matter power spectrum becomes negligible.
For the halo profile in Eq. (7) we assume the NavarroFrank-White (NFW) profile (Navarro et al. 1996) truncated at its virial radius R vir = (3M/4πρ∆ vir ) 1/3 , where ∆ vir is the redshift-and cosmology-dependent virial spherical overdensity (see, e.g., Cataneo et al. 2019 ). In our NFW profiles calculations, we approximate the relation between the halo virial concentration and mass with the power law
where the characteristic mass, M * , satisfies ν(M * , z) = 1, and we set the c-M relation parameters to their standard values c 0 = 9 and α = 0.13 (Bullock et al. 2001) . For the evaluation of the one-halo term (Eq. 7) we use different comoving background matter densities, linear matter power spectra, and spherical collapse evolution in the real and pseudo cosmologies. More specifically, for the CDM+baryons component in the real cosmology we havē
Then the equation of motion for the spherical collapse overdensity (see, e.g., Cataneo et al. 2019 ) is independent of mass and sourced only by the CDM+baryons Newtonian potential (cf. LoVerde 2014); the flat ΛCDM background expansion is controlled by Ω m . On the other hand, for the pseudo cosmologyρ
while the spherical collapse dynamics is still governed by the standard ΛCDM equation with Ω pseudo cb
= Ω m . Finally, assuming we can accurately compute the nonlinear matter power spectrum of the pseudo cosmology with methods other than the halo model (see, e.g., Giblin et al. 2019) , the total matter power spectrum of the real cosmology, Eq. (1), can be rewritten in the halo model reaction framework as
In this work we generally use the pseudo matter power spectrum measured from the simulations described in the next Section. However, to test the robustness of the reaction approach to alternative N-body codes implementing massive neutrinos, in Sec. 3.3 we employ Bird et al. (2012) and Takahashi et al. (2012) fitting formulas as proxy for the real and pseudo massive neutrino simulations, respectively.
N-body simulations
We compute our fiducial non-linear power spectra and halo properties with the publicly available N-body code cubep 3 m (Harnois-Déraps et al. 2013), which has been modified to include neutrinos as a separate set of particles (Inman et al. 2015; Emberson et al. 2017) . We run a suite of simulations both with and without neutrino particles. In the standard massless neutrino case, particles are initialized from the Zel'dovich displacement field (Zel'Dovich 1970), obtained from the combined baryons + CDM transfer functions, linearly evolved from z = 0 to z = 100. However, for the pseudo cosmologies we generate the initial conditions from the total linear matter power spectrum of the corresponding real massive neutrino cosmologies at z f = 0 or 1 (see Eq. 4), rescaled to the initial redshift z = 100 with the ΛCDM linear growth function.
In the massive neutrino case the simulations run in two phases, as unphysical dynamics sourced by the large thermal velocities (such as unaccounted for relativistic effects or large Poisson fluctuations) can occur if neutrinos are included at too high redshift 5 (Inman et al. 2015) . In the first, from z = 100 to z = 10, only CDM particles are evolved; the neutrinos are treated as a perfectly homogeneous background component. We account for their impact on the growth factor by multiplying a z = 10 CDM transfer function with the neutrino correction, D(z = 100)/D(z = 10), where D(a) ∝ a 1−3 f ν /5 (Bond et al. 1980) . The Zel'dovich displacement is also modified to account for neutrino masses, with every velocity component being multiplied by 1−3 f ν /5. Finally, the mass of every particle is multiplied by 1 − f ν . With this strategy, CDM perturbations are correct at z = 10 even though we do not evolve neutrino perturbations before then. In the second phase, neutrinos are added into the code as a separate N-body species. For their initialization, neutrino density and velocity fields are computed at z = 10 from camb transfer functions, and the Zel'dovich approximation is again used to compute particle displacements and velocities. A random thermal contribution, drawn from the Fermi-Dirac distribution, is also added to their velocities. cubep3m then co-evolves neutrinos and dark matter with masses weighted by f ν and 1 − f ν respectively.
In all neutrino runs, we assume a single massive neutrino contributing Ω ν h 2 = m ν /93.14 eV (Mangano et al. 2005) , and consider cosmologies with m ν = 0.05, 0.1, 0.2, 0.4 eV. We perform runs with N ν = 3072 3 neutrino particles and box sizes L box = 500 h −1 Mpc for all values of m ν considered, as well as one set of large-volume runs with L box = 1000 h −1 Mpc and m ν = 0.4 eV. We use N cb = 1536 3 CDM particles in the smaller boxes and N cb = 3072 3 particles in the larger boxes, corresponding to a common mass resolution of m cb = 2.78 × 10 9 h −1 M for the baseline ΛCDM cosmology. A common gravitational softening length of 24 h −1 kpc is also used.
Halo catalogues for each simulation are generated using a spherical overdensity algorithm based on the method described in Harnois-Déraps et al. (2013) . Briefly, the first stage of this process is to identify halo candidates as peaks in the dark matter density field. This is achieved by interpolating dark matter particles onto a uniform mesh with cell width 81 h −1 kpc and denoting candidates as local maxima in the density field. We then refine the density interpolation in the local region of each candidate using a mesh of width 16 h −1 kpc and identify a centre as the location of maximum density. The halo radius is defined by building spherical shells around the centre until the enclosed density reaches the cosmology-and redshift-dependent virial density, ∆ vir , derived from the spherical collapse and virial theorem. The density profile for each halo is stored using 20 logarithmically-spaced bins that reach out to 2 h −1 Mpc. We compute a concentration for each halo by performing a leastsquares fit to an NFW density profile. When doing so, we discard all radial bins smaller than twice the gravitational softening length and larger than the virial radius.
RESULTS
3.1 P (m) from the standard halo abundance and concentration fits
We begin by presenting the performance of the halo model reactions against our suite of small-volume simulations. For this comparison our reaction predictions (Eq. 5) are based on the standard values of the parameters entering the halo mass function (Despali et al. 2016 ) and c-M relation (Bullock et al. 2001 ), which we apply to both the real and pseudo massive neutrino cosmologies. The upper panels of Fig. 1 shows the the impact of massive neutrinos on the non-linear total matter power spectrum for the range of neutrino masses relevant for the next generation of cosmological surveys (Coulton et al. 2019 ). The lower panels display the relative deviation of our predictions (see Eq. 16) from the full massive neutrino simulations, which is 1% over the entire range of scales analysed and at both redshifts considered. This highly accurate result follows from the good agreement between the predicted real -to-pseudo halo mass function ratio and the simulations, which we show in the lower-left panel of Fig. 2 for the largest neutrino mass in our study. Cataneo et al. (2019) noticed that this quantity is directly related to the accuracy of the reaction across the transition to the non-linear regime. In fact, although the real and pseudo standard halo mass functions are a poor fit for halo masses M 10 14.5 h −1 M when taken individually (Fig. 2 , upperand middle-left panel), the predicted ratio remains within ∼ 2% of the simulation measurements, thus corroborating the original findings of Cataneo et al. (2019) . On the other hand, halo concentrations become relevant deep in the nonlinear regime, and the right panel of Fig. 2 illustrates that despite the large absolute inaccuracies of the standard fits, once again the real -to-pseudo ratio is not too dissimilar from that of the simulations. This fact enables the excellent performance of the halo model reactions on scales k 1 h Mpc −1 .
The effect of halo properties measured in simulations
It is currently unclear how accurately the non-linear matter power spectrum can be predicted given just mean halo properties such as their abundance and density profiles. For the standard halo model, it is well known that this approach fails due to large inaccuracies on quasi-linear scales of the absolute power spectrum (see, e.g., Giocoli et al. 2010; Massara et al. 2014 ). The halo model reactions, however, are fractional quantities, and as such better suited to absorb the errors incurred separately by the real and pseudo halo model predictions. To quantify the accuracy of this approach, we fit the Sheth-Tormen mass function and c-M relations to our large volume m ν = 0.4 eV simulations, obtaining { A real , q real , p real } = {0.3152, 0.8423, 0},
, α pseudo } = {6, 0.058}. We show these fits as solid lines in Fig. 2 .
To estimate the relative importance of the mean halo properties for the accuracy of the predicted non-linear power spectrum, in Fig. 3 we fix the pseudo halo mass function and c-M parameters to their refitted values while varying their real counterparts. When the parameters entering the halo mass function and c-M relation are all set to their standard values (blue line), our predictions experience deviations as large as ∼ 10% for k 0.1 h Mpc −1 . The match to the simulations improves substantially on scales 0.1 k 1 h Mpc −1 by including information on the halo mass function (orange line). If we further add our knowledge of the real halo concentrations, the agreement with the simulations reaches subpercent level down to the smallest scales modelled in this study. These results confirm that the halo model reactions can produce even higher-quality predictions when supplied with accurate halo properties and pseudo non-linear power spectra. For comparison, we also show the calculation based on the standard fits for both the pseudo and the real halo properties (dashed line). Differences on scales k 5 h Mpc −1 compared to the same prediction in Fig. 1 are primarily sourced by changes to the concentrations of small halos between the small-and large-volume simulations of the real massive neutrino cosmology, which in turn depend on the different N ν /N cb particle number ratio used for these two runs (see Sec. 2.2).
Comparison to halofit
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pseudo-standard: Fig. 2 for the pseudo cosmology, while the real quantities use either the standard or refitted parameters. For comparison, we also show the predictions computed using the standard fits for both the pseudo and the real halo properties (dashed line). For all cases, our predictions use the non-linear matter power spectrum of the large-volume pseudo simulation. The lower panel shows that once the pseudo halo properties are calibrated to the simulations, the reaction enables an accurate one-to-one mapping between the real halo properties and the power spectrum, thus out-performing the traditional halo model calculations. Differences on small scales for the predictions based on the full standard fits (dashed line) compared to those in Fig. 1 are due to different halo concentrations in the small-and largevolume real massive neutrino simulations.
gies deviate no more than 3% from the halofit outputs. Such departures are comparable to, or smaller than, the typical halofit inaccuracies (see, e.g., Knabenhans et al. 2019; Smith & Angulo 2019) , which suggests our method can also satisfactorily reproduce the results of other N-body codes provided that the baseline pseudo power spectrum is obtained from simulations run with the same code and initial random phases of their real massive neutrino counterparts.
DISCUSSION
In this paper we incorporated in the halo model reaction framework of Cataneo et al. (2019) an effective analytical strategy to accurately describe the non-linear effects induced by massive neutrinos on the total matter power spectrum. Our approach draws from the cold dark matter prescription adopted in Massara et al. (2014) , with the notable difference that here we treated the clustering of massive neutrinos as purely linear, and worked with relative, rather than absolute, quantities. In contrast to modified gravity cosmologies , we found that the inclusion of high-order perturbative corrections to the two-halo contributions in the reaction was unnecessary. We studied the interdependency between halo properties and matter power spectrum reactions, and conclusively showed that accurate knowledge of the mean halo abundances and concentrations (both central in cluster cosmology studies) leads to exquisite predictions for the halo model reactions. Together with the fast emulation method to compute the pseudo non-linear matter power spectrum presented in Giblin et al. (2019) , the tight connection between halo mass function and matter power spectrum in our approach enables, for instance, the simultaneous analysis of cluster number counts and cosmic shear data in a novel, self-consistent way. In a future work, we will merge in a single reaction function both massive neutrino and dark energy/modified gravity cosmologies, which will enable us to predict the combined effects of these extensions on the matter power spectrum in a regime so far only accessible to specially modified N-body simulations (Baldi et al. 2014; Giocoli et al. 2018; Wright et al. 2019) .
Finally, poorly understood baryonic processes impact the distribution of matter on scales k 1 h Mpc −1 , thus limiting our ability to correctly model the power spectrum deep in the non-linear regime (see Chisari et al. 2019 , for a review). It was showed that it is possible to account for these additional effects within the halo model (Semboloni et al. 2011 (Semboloni et al. , 2013 Fedeli 2014; Mohammed et al. 2014; Mead et al. 2015; Schneider et al. 2019; Debackere et al. 2019) , and we leave the implementation of baryonic feedback in the halo model reactions to future investigation.
